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Abstract. We compute QCD corrections to QED calculations for vacuum polarization in background mag-
netic fields. Formally, the diagram for virtual eē loops is identical to the one for virtual qq̄ loops. However,
due to confinement, or to the growth of αs as p

2 decreases, a direct calculation of the diagram is not allowed.
At large p2 we consider the virtual qq̄ diagram, in the intermediate region we discuss the role of the contribu-
tion of quark condensates 〈qq̄〉 and at the low-energy limit we consider the π0, as well as charged pion π+π−

loops. Although these effects seem to be out of the measurement accuracy of photon–photon laboratory ex-
periments, they may be relevant for γ-ray burst propagation. In particular, for emissions from the center of
the galaxy (8.5 kpc), we show that mixing between the neutral pseudo-scalar pion π0 and photons renders
a deviation from the power-law spectrum in the TeV range. For scalar quark condensates 〈qq̄〉 and virtual
qq̄ loops are relevant only for very high radiation density ∼ 300 MeV/fm3 and very strong magnetic fields of
order ∼ 1014 T.

PACS. 12.20.Ds; 14.40.-n; 12.38.Aw; 14.65.Bt

1 Introduction

In the presence of background electromagnetic fields sec-
ond order QED corrections in the fine-structure con-
stant α to vacuum polarization due to quantum vacuum
oscillations, i.e. electron–positron virtual loops [1, 2], is
a well studied subject, including Delbrück scattering [3],
photon splitting [4, 5], photon–photon interactions [6, 7]
and semi-classical interactions with pseudo-scalar par-
ticles [8–11]. QED effects are well established, andDelbrück
scattering has been experimentally observed in light scat-
tering by heavy nuclei [12] as well as contributing in second
order in αZ to the Lamb shift [13, 14]. However, a direct
signature for the interaction with axion-like pseudo-scalars
has not been consistently verified [15–20]. Independent ex-
periments to detect this sort of interaction have now been
considered [21–24]. In addition, in astro-particle observa-
tions, due to the wide range of energies accessible, QED
effects are the main contribution for the optical depth.
Such effects include particle production (also known as
photon disintegration) [25–36], vacuum polarization and
photon splitting [37–40]. Astro-particle observation also
seems to be the most promising procedure to test pseudo-
scalar interactions [41–52] through, for example, analysis
of gamma-ray burst conversion rates [53, 54] and its polar-
ization characteristics [55–57].
In this work we study the second order perturbative

corrections in the fine-structure constant due to the strong
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interactions. Namely, we analyze quark loops, quark con-
densates and meson contributions to vacuum polarization.
The second order contribution to the polarization of the

vacuum due to electron–positron virtual pair production is
given by the Euler–Heisenberg Lagrangian [1, 2]

L
(2)
eē = ξe

[
4 (FµνF

µν)
2
+7
(
εµνδρFµνFδρ

)2]
,

ξe =
2α

45(Bec)
2
= 1.32×10−24T−2 ,

Bec =
m2ec

2

eh̄
. (1)

The respective vacuum polarization dispersion relation
for radiation propagating in vacuum under an orthogonal
magnetic field B0�Bec is expressed in terms of the eigen-
values in the cases of being orthogonal and parallel to the
magnetic field [4, 5],

ω⊥,‖ =
(
1−λe⊥,‖B

2
0

)
,

λe⊥ = 8ξeB
2
0 , λ

e
‖ = 14ξeB

2
0 . (2)

Also within the framework of QED we have the contri-
bution of higher mass fermionic loops. Relevant to the
present study we have the muon loops µµ̄, which give the
contribution

λµ⊥,‖ =∆ξµλ
e
⊥,‖ ,

∆ξµ =
ξµ

ξe
=

(
me

mµ

)4
= 5.43×10−10 , (3)
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being of the same order of magnitude of the QCD correc-
tions that we are addressing here. Due to its higher mass
the τ gives a contribution five orders of magnitude lower
(∼ 6×10−15), hence not being relevant here.

2 QCD contributions

Naively, we can expect that the same kind of physics ap-
plies to quark–antiquark virtual pair production. In the
presence of an external field we have in general the diagram
of Fig. 1. We write in the case of qq̄ virtual pair production
in order α2 the Euler–Heisenberg Lagrangian

L(2)qq̄ = ξq
[
4 (FµνF

µν)
2
+7
(
εµνδρFµνFδρ

)2]
,

ξq = δq
2αQ2q
45 (Bqc )2

, Bqc = 3
m2qc

2

eQq h̄
. (4)

The factor of 3 comes from the summation over colors and
Qq stands for the fractional charge of the quark. The quark
masses, mq, correspond to the renormalized masses that
appear in the quark propagator. Under an external mag-
netic field B0 the relation of the polarization due to qq̄
with the polarization due to eē corresponding to electron–
positron loops is given in terms of the corrections to the
parallel and orthogonal vacuum dispersion relation eigen-
values λq⊥ and λ

q
‖ by

λq⊥,‖ =∆ξqλ
e
⊥,‖ ,

∆ξq =
ξq

ξe
= 3δq

(
meQq

mq

)4
≈ 6.41δq×10

−4 . (5)

Here we consider the up quark mass mq ≈ 5MeV and
charge Qq = 2/3, and δq = wΛq/wtot < 1 is a phase space
correction due to confinement of strong interactions. We
know that at low energies there are no free quarks; there-
fore, quark loops carrying small momenta cannot be con-
sidered. The way out is to introduce a lower cut-off Λq in

Fig. 1. The diagrams for
fermion–antifermion loops
and the exchange of a π0

neutral meson. The ver-
tex π0γγ includes the axial
anomaly

the loop momenta such that only the higher momenta con-
tributions to the loop are considered.
The probability for the full range of momenta (i.e. p2 ∈

]0,+∞[) is given by the series [58]

wtot =
αB2

π2

∞∑
n=1

1

n2
e
−
nπm2q
|QqB| . (6)

Due to confinement and the increase of αs for small values
of p2, we introduce a cut-off Λq that truncates the series (6)
by excluding the low p2 region. We have

wΛq =
αB2

π2

∞∑
n=nΛq

1

n2
e
−
nπm2q
|QqB| . (7)

We obtain the relation

nΛq =

(
Λq

mq

)2
. (8)

For the light quarks (summing over up and down quark
masses) with mass of order mq ∼ 10MeV [59] we have
nΛq ∼ 3600 such that the exponent is of order δq ∼

10−10
14/|B|. This value is obtained from the leading term

contribution from the above series for wΛq . Here we con-
sidered Λq ∼ 600MeV, this being the value for which
the strong interactions coupling constant becomes unity,
αs ∼ 1 [60–64], so that below this energy threshold, QCD
is in a non-perturbative regime. The free quark loop contri-
bution to vacuum polarization is therefore negligible. This
contribution will only be relevant for very strong magnetic
fields of order B ∼ 1014 T.
The low-energy quark states (corresponding to the light

mesons) are the π. In low-energy physics these particles can
be used as fundamental bosons within the framework of
chiral perturbation theory (ChPT) [65–75]. Therefore, be-
low the cut-off p2 <Λq the main contribution is due to the
neutral meson π0 with an effective scalar Lagrangian [2]:

L(2)
π0
=
1

4
gπγγφπ0ε

µνλρFµνFλρ ,

gπγγ =
α

πfπ
= 2.49×10−2GeV−1 , (9)

where the coupling gπγγ is taken from the Adler–Bell–
Jackiw anomaly coefficient [76] and the pion decay con-
stant is taken to be fπ = 93MeV. The respective contri-
bution to the dispersion relation of radiation traveling in
vacuum (corresponding to the π diagram of Fig. 1) is

λπ
0

⊥ = 0 , λ
π0

‖ =∆ξπ0λ
e
‖ ,

∆ξπ0 =
g2
π0γγ

14ξe
=

45m4e
14π2m2πf

2
π

= 1.40×10−10 . (10)

We considered the pion mass mπ = 135MeV again; for
higher masses the contributions are for most applications
negligible when compared to the π0 effect.
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In addition we can have loops of the lighter charged
mesonsπ+π−whoseEuler–HeisenbergLagrangian reads [2]

L
(2)

π+π−
= ξπ±

[
7 (FµνF

µν)
2
+4
(
εµνδρFµνFδρ

)2]
,

ξπ± =
α

45 (Bec)
2
, Bec =

m2πc
2

eh̄
, (11)

hence contributing a correction to the vacuum dispersion
relation of approximately the same order of magnitude
given by

λπ
±

⊥ =
7

4
∆ξπ±λ

e
⊥ , λ

π±

‖ =
4

7
∆ξπ±λ

e
‖

∆ξπ± =
ξπ

ξe
=
1

2

(
mefπ

m2π

)4
= 2.29×10−11 . (12)

There is yet another contribution that we can con-
sider. In the presence of background magnetic fields there
is a vacuum polarization contribution due to quark con-
densates. Within the Schwinger–Euler–Heisenberg formal-
ism [1, 2] in the context of ChPT [77–79] a correction to the
vacuum dispersion is obtained:

λc⊥ =∆ξcλ
e
⊥ , λ

c
‖ = 0 ,

∆ξc =
ξc

8ξe
=
15m4e
128f4π

ln

(
Λ2

m2π

)

= 1.05×10−10 ln

(
Λ2

m2π

)
. (13)

Taking the quark condensate ultra-violet cut-off Λ ≈
300MeV we obtain ∆ξc ≈ 1.69×10−10. Next we give some
details on how quark condensates are obtained and explain
what regimes exist depending on the loop momentum. The
parallel vacuum polarization for ChPT is given by the inte-
gral

Π〈qq̄〉 =

∫ ∞
0

ds I〈qq̄〉,

I〈qq̄〉 =−
αB

12f4π

1

s2

[
αB cot(αBs)−

1

s

]
. (14)

This distribution is represented in Fig. 2. The contribu-
tions considered here are due to the poles below the cut-off
s < 1/Λ2. For weak fields the only pole that contributes for
pion loops is at s = 0. It corresponds to the π+π− loops
and the relative magnitude of its effect has already been
discussed and is given in (12). Above the cut-off s > 1/Λ2

we consider the quark loops instead of the meson distri-
butions. The novel interesting feature in this framework is
that we have a new contribution between the pole s= 0 and
s = π/α|B|; it corresponds to the quark condensate. We
note that on a more fundamental level based on Nambu–
Jona-Lasinio theory [80, 81] the quark condensates contri-
bution is of the same order of magnitude [82–88]. There
is an important point to stress. NJL consider explicit ac-
tions for the quarks instead of the effective actions for
the mesons considered in ChPT. The condensate cut-off
Λ should correspond according to NJL to the confinement

Fig. 2. a The integrand (14). The poles at s = (n− 1)π/αB
(for n = 1, 2, . . . ,∞) are marked by vertical lines and con-
tribute to the pion vacuum polarization. b The same integrand
between the two cut-offs mπ = 135MeV and Λ= 300MeV for
B = 5.5 T. It corresponds to the marked region between the
poles at s= 0 and s= π/αB of a

energy. These theories were originally motivated by super-
conductivity, and the relation between ChPT and NJL is
equivalent to the relation between Landau–Ginzburg ef-
fective theory [89] and the Bardeen–Cooper–Schriffer mi-
croscopic theory [90–92] for superconductivity.
We summarize the allowed effects and their magnitude

for several ranges of loop momenta p in Table 1.
We note that the π0 is a 0

−+ pseudo-scalar such that
CP -symmetry is conserved; the Lagrangian (9) is a scalar.
More generally we may consider also the contributions of
other 0−+ pseudo-scalars like the η; however, their masses
are higher than the mass of the pion (the lighter one being
mη ≈ 547MeV); hence, their contribution is negligible by
several orders of magnitude.
Quark condensates are 0++ scalars. Although we have

already presented the effects of these condensates in (13)
obtained within the mean-field framework of ChPT, we
note that we can recast these effects diagrammatically
considering the scattering of photons by an intermediate
scalar. However, if one demands CP -invariance the ef-
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Table 1. The several QCD effects in the presence of weak
fields and their magnitude for the several ranges of the loop mo-
menta p. To exist, the quark condensate requires a high density
of energy

p (MeV) ∆ξπ0 ∆ξc ∆ξq

> 600 0 0 10(−10
14)

140–600 0 9.67×10−11 0
< 140 1.40×10−10 0 0

fective action is expressed as L= g〈qq̄〉φ〈qq̄〉F
µνFµν , where

φ〈qq̄〉 now represents a scalar. In the same manner one may
consider the other 0++ scalar mesons f0 and a0 [93]. Al-
though these processes are allowed and the couplings are of
the same magnitude as of the pion, they are in both cases
negligible due to the much higher masses [59].
In addition, we also note that the quark condensates

may only exist when very high densities of energy are
present 〈E〉 ∼ 300MeV/fm3 [77–79]. These values are only
accessible in very dense plasmas (for example in neutron
stars [94–105]) or for very high fluxes of high energy ra-
diation. As an example for radiation energies in the TeV
range, propagating in vacuum, fluxes are required over
1056 photonsm−2s−1. It is understood that these fluxes in-
clude both the propagating and the background photons.

3 Vacuum birefringence

The relevant radiative corrections that contribute to vac-
uum birefringence are of second order in the fine-structure
constant [4, 5].Theusual classicalwave equation in orderα2

is linear in the photon field A [5]. Hence for a static trans-
verse magnetic field B0, gathering the results from the pre-
vious section, we obtain, due toQCDeffects, a correctionon
the refractive index eigenvalues given by [4, 5, 21–23]:

λ⊥ = 8

(
1+∆ξµ+∆ξc+

7

4
∆ξπ±

)
ξeB

2
0 ,

λ‖ = 14

(
1+∆ξµ+∆ξπ0+

4

7
∆ξπ±

)
ξeB

2
0 . (15)

The directions ‖ and ⊥ correspond respectively to the di-
rections parallel and transverse to the external magnetic
field, ξe is given in (2), and the several corrections are
ordered by magnitude significance according to the esti-
mate given in (3), (10), (12) and (13). The above equations
result in different refractive indexes for the directions par-
allel and perpendicular to the magnetic field [21–23]:

N‖ = 1−
1

2
λ‖ , N⊥ = 1−

1

2
λ⊥ , (16)

which introduce a phase shift in the propagating wave.
Considering a linearly polarized wave of wave number
k = k0z, which polarization makes an angle θ0 with the
static magnetic field B0, both gain an ellipticity, and

its polarization is rotated due to vacuum effects (see for
example [21–23]). The polarization rotation is given by

∆θ =
1

4

(
λ‖−λ⊥

)
∆z sin(2θ0) , (17)

∆z being the distance traveled by the radiation, and the
ellipticity is given by

ψ =−
ω

4

(
λ‖−λ⊥

)
∆z sin(2θ0) , (18)

ω being the radiation frequency. The relative magnitudes
of rotation induced in vacuum by the several effects pre-
sented here are pictured in Fig. 3. We note that the contri-
bution to the rotation of the pseudo-scalars have the same
sign of the fermionic loops contributions (λ‖ > λ⊥), while
the contribution due to the charged pion loops have an op-
posite sign (λπ

±

‖ < λ
π±

⊥ ).

We note that the usual QCD scale is set by ΛQCD ≈
200MeV; however, as already discussed, we also know that
for energies of approximately Λq = 600MeV the strong
running coupling constant αs is of order of unity and the
perturbative regime of QCD is no longer valid [60–64].
Therefore the correct value of the cut-off corresponding
to low-energy quark condensate is not exactly known and
should be in the range 200 < Λ < 600MeV. This value
should correspond to the chiral phase transition energy of
the Nambu–Jona–Lasinio theory [80, 81].
As already put forward in [9] (see also [10, 11]) these ef-

fects, in particular the contribution of the pion, is several
orders of magnitude lower than the one due to the electron

Fig. 3. Relative contributions to the polarization rotation as
given by (17) from the several effects as a function of ∆ξi,
i.e. each effect’s magnitude in relation to the magnitude of
the effect due to electron–positron loops (eē). Both axes are
in logarithmic scale. The continuous line coincides approxi-
mately with the PVLA experimental conditions [15–19] with
B0 = 5.5 T and ∆z = 10

9 m. Themarked points are labeled and
correspond to the QED corrections due to electron–positron
loops (eē), the muon–antimuon loops (µµ̄) interchange of the
neutral pion (π0), quark condensates (〈qq̄〉) and the charged
pion loop (π+π−). The ellipticities are obtained by re-scaling
these results by the radiation frequency ω



P.C. Ferreira, J.D. de Deus: QCD corrections to QED vacuum polarization 543

vacuum oscillation as well as of the theoretical axion con-
tribution. In addition, we recall that the quark condensate
contribution is only present if a very high density of radia-
tion is considered.
We conclude that vacuum birefringence due to QCD

corrections is negligible for all known physical systems.
As already stated in [9], the main contribution is due to
the neutral pion being many orders of magnitude below
the vacuum polarization effects of virtual electron loops,
which, although a well established phenomenon within
QED, has not directly been detected by any polarization
rotation, neither in laboratory experiments, nor in astro-
physical environments. However, in the next section we
give an example where the light scattering by the π0 meson
may have measurable effects.

4 High energy γ-ray propagation

We can also apply the results derived so far to the propa-
gation of γ-ray bursts in background magnetic fields where
the effects studied in the previous sections seem to be rel-
evant due to the very high radiation energy. The main
contribution to the attenuation of the γ-ray spectrum
for high energies (E above 1016 eV) is photon disintegra-
tion (particle–antiparticle pair production) due to inter-
action with the background electromagnetic fields [25–36].
These effects result in an exponential decaying law for the
γ-ray spectrum, ∼ E−Γ (z). For radiation from the cen-
ter of the galaxy (corresponding to z = 8.5 kpc) the value
of the decaying exponent is Γ ≈ 2.25 [53, 54]. The radi-
ation flux is of order 10−8 photonsm−2 s−1 for photons
above the TeV range [41–46] (corresponding to a radia-
tion density of order ργ ∼ 10−54MeV/fm3). Therefore, for
this particular case, the only relevant contribution dis-
cussed in this work is from the π0 meson, which we address
next.
We note that it is also expected that the axion-like

pseudo-scalar contribution has visible effects in the high
energy range (of order of TeV), either increasing or decreas-
ing the optical depth depending on the specific values of
the mass and photon coupling constant considered. More
specifically it is expected that for more stable particles
with long decaying time (low decaying rate) like the light
axion, the optical depth increases [9, 47–52], while for less
stable particles with lower decaying time (greater decay-
ing rate), the optical depth decreases. What distinguishes
these cases is the relation of the pseudo-scalar mass (mφ)
to the photon pseudo-scalar coupling (gγφ) properly tak-
ing in consideration the background and traveling radia-
tion energy. We will return to this discussion by the end of
this section. Specifically the equation for a generic pseudo-
scalar φ mixing with the photon is [9, 47–52]

(ω− i∂z+M)

⎡
⎢⎢⎣

A‖

A⊥

φ

⎤
⎥⎥⎦= 0 , (19)

with

M =

⎡
⎢⎢⎢⎣

∆γγ+∆‖ 0 ∆
‖
γφ

0 ∆γγ+∆⊥ ∆
⊥
γφ

∆
‖
γφ ∆⊥γφ ∆φ

⎤
⎥⎥⎥⎦ , (20)

and the various entries given by

∆γγ ≈−i
Γ

2z0
ln (E) ,

∆‖ ≈ 4ξeB
2 , ∆⊥ ≈ 7ξeB

2 ,

∆
‖,⊥
γφ =

1

2
gγφB

‖,⊥ , ∆φ =mπ0 . (21)

The approximation in ∆γγ corresponds to a linearization
of the cross section for photon disintegration in the TeV
range of the energies (E) for distances zo ≈ 8.5 kpc and
we have considered the photon mass negligible (mγ ≈ 0).
The approximation in δ‖,⊥ corresponds to neglecting the
contributions from µµ̄ loops and the charged pion π+π−

loops. As derived in [50–52], for non-polarized radiation in
Gaussianmagnetic field distributions, the conversion prob-
ability of photons to pseudo-scalars is

Pγ→φ =
1

3

(
1− e−

3P0z
2s

)
, (22)

P0 ≈ 0.4×10
−7

(
gBGE10

m2φ

)2
. (23)

These expressions are applicable to the mixing of the neu-
tral pseudo-scalars to photons in γ-ray bursts with coup-
ling given by g = gγφ/10

−6GeV−1, the root mean square
magnetic field strength BG = 1 µGauss, the energy E10
given in units of 10 TeV and the mass given in MeV. z is
the distance to the source in pc and s the size of the mag-
netic field domains also in pc [50–52]. For a γ-ray burst
from the center of the galaxy one has z = 8.5 kpc and
s= 0.01 pc [50–54]. For the particular cases of π0 mixing
we have g = 2.49×104 andm= 135MeV. The deviation to
the power law considering this effect is pictured in Fig. 4.
As we have put forward in the beginning of this sec-

tion, depending on the specific coupling constants, masses
and existing energies, the effects of the pseudo-scalar mix-
ing to photons renders quite different results. The relevant
expressions to compare correspond to the diagonal and off-
diagonal components of the matrix for pseudo-scalar pho-
ton mixing. Respectively the relevant expressions to com-
pare are m2φz/s and gφBE. This analysis was originally
in [9] and was also considered in [47–52]. The main differ-
ences between these several works are the numerical values
for the parameters of the propagation equation. While
in [9] the length z/s traveled by radiation is of order of km,
in [50–52] astrophysical environments are considered with
traveling over several kpc, which allows the scalar–photon
oscillations to saturate as given by (23). The quantitative
similarities of our results in relation to [50–52] is simply
due to the ratios of the couplings to the mass squared of the
heavy axion considered there and the pion considered here,
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Fig. 4. Deviations from the power law due to π0 mixing with
photons. The open circles and filled circles are data points from
the HESS collaboration corresponding to the data sets from
July/August of 2003 and 2004 [53, 54] (see also [50–52]). The
filled line represents the power law best fit dN/dE ∼E−Γ with
Γ = 2.25 and the dashed lines corresponds to the contributions
of the π0

this being different only by about one order of magnitude
21×gπ/m2π ≈ gaxion/m

2
axion. As for [47–49], we note that in

this work a very light axionm2axion� gγ axionEB is consid-
ered and calculations are carried out in the massless limit,
maxion→ 0. This latter case is clearly not applicable to the
pion, where we have m2π > gγπBE, and this explains why
for a relatively heavy intermediate pseudo-scalar (with low
decaying times) the optical depth is decreased while for
a very light intermediate pseudo-scalar (with high decay-
ing times) the optical depth is increased.
One could also consider the more generic case of several

pseudo-scalar and scalar mixing; not only the theoretic-
ally suggested axion, but also the quark condensate effects
when the conditions for their formation are met (for ex-
ample close to neutron stars and magnetars [94–105]).

5 Conclusions

In this work we have computed the QCD corrections to
QED vacuum polarization effects. Although we conclude
that the contribution to vacuum birefringence of the ef-
fects presented here are negligible when compared to the
effect of virtual electron loops, they have observable con-
sequences for high energy γ-ray propagation. In particular,
we have shown that the neutral pion mixing with photons
significantly contributes to a deviation from the power-law
spectrum in the TeV range, which may be relevant when
considering the superposition of other pseudo-scalar effects
in this range [41–46,50–52]. As for quark condensates and
virtual quark loops, we conclude that only for very high ra-
diation energy fluxes (ρc > 300MeV/fm

3) and strong mag-
netic fields (B > 1014 T), their effects may be relevant.
Hence near neutron stars andmagnetars [94–105], these ef-
fects may affect γ-ray polarization [55–57].
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